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Preliminaries

m ASP =algebraic signal processing theory

Algebra: theory of groups, rings, and fields
m Scope of ASP: linear signal processing

m This talk: Focus on the discrete case

Signal Infinite time | Finite time Infinite space | Finite space
processing

concepts

z-transform  Finite C-transform
z-transform

Set of signals Laurent Polynomials Series
seriesinz" inz" inC,
Set of filters Laurent Polynomials Series
seriesinz" inz" inT,
Fourier DTFT DFT DSFT
transform

Convolution
Spectrum

Frequency
response

Fast algorithms
Filter banks

<many others>

Finite
C-transform

Polynomials
inC,

Polynomials
inT,

DCTs/DSTs

ASP: Other/

Generic | New
case models

A
F

) -
Derivation
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Big Picture

= Key concept in ASP:

Signal model: A, M, Q))

algebra of filters signal module associated “z-transform”

= Examples: Infinite and finite time or space, many others

= Signal model defined: all other concepts follow

Signal

Filter

“z-transform”
Spectrum

Fourier transform
Frequency response
Fast algorithms

... many other concepts

Signal model

Big Picture

= Key conceptin ASP:

Signal model: _A, M : q))

i’

algebra of filters signal module associated “z-transform’

= Examples: Infinite and finite time or space, many others

= Signal model defined: all other concepts follow

Element of module

Element of algebra

Mapping into module

Irreducible submodules
Decomposition into irred. submodules
Irreducible representation

Stepwise induction

... many other concepts

Signal model
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Organization

m Thealgebraic structure underlying linear signal processing
= From shift to signal model: Time and space

= From infinite to finite signal models

= Fastalgorithms

= Conclusions

Algebraic Structure of Signal and Filter Space

m Signal space, available operations:
® o +signal =signal

vector space
= signal + signal = signal }

m Filter space, available operations: filter
= - filter =filter vector space { i }
= filter + filter = filter } . ilter
) ) ) ring
= filter « filter = filter — filter — filter —

m Filters operate on signals:
= filter - signal = signal signal —> filter — signal

Set of filters = an algebra .4
Set of signals = an 4-module M
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(Algebraic) Signal Model

= Signals arise as sequences of numbers (s, ),c; € Cx C x ---=C!
= Need to assign module and algebra

= Example infinite discrete time: (Sn)nez

z-transform: & : (s,,)pcz — Z s,z " €M

M= (S5} A= {Shs )

m Signal model (definition): (A? M, (I))
A algebra of filters

M an _4-module of signals

@ linear mapping C — M

Algebras Occurring in SP: Shift-Invariance

= What s the shift?
= Aspecial filter x (=z7) = an element of A4
= Filters expressible as polynomials/series in x

shift(s) = generator(s) of .4

» Shift-invariance: ©v-h=~h- -z forallhe A

signal model (A, M, @) is shift-invariant <—> A is commutative

= Shift-invariant + finite-dimensional (+ one shift only):

A= C[I}/p(il?) is a polynomial algebra

© Markus Puschel, ETH Zurich



Example: Finite Time Model and DFT
= Finitesignals: (50,51,...,8,-1) dim(M), dim(A) < oo

= Signalmodel: A = M = Clz]/(2™ —1)
n—1 n—1
signals s(z)=)_siz' € M filters h(z) = hic* € A
i=0 k=0

filtering = cyclic convolution h(zx) - s(z) mod z™ — 1

finite z-transform ® : C" — M
(805815 eySn—1) — y_ 82" € M

= Spectrum/Fourier transform: Chinese remainder theorem
F: Clz]/(a" 1) — Clal/(z-w)) & &Cla]/(z —wp™?
s(x) = (swn),... s(wi™h)

F =DFT,,

)

Summary so far

= Signal model (A, M, ®)

= Shift-invariance: 4 is commutative
= in addition finite makes .4 a polynomial algebra

= Infinite and finite time are special cases of signal models

How to go beyond time?
Answer: Derivation of signal model from shift

shift ——— signal model (A, M, @)
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Organization
m The algebraic structure underlying linear signal processing
m From shift to signal model: Time and space
= From infinite to finite signal models
= Fastalgorithms
m Conclusions
Time Space
T tn =tht Tty = %(tn—l + tn+1)
1 1
shift X & 2 m 2
S~ TN NN
..... ) ® @ cocoe e @ Y @ cooee
(time) marks bn—1 bn Loy b1 .
zk. T,-
k-fold shift O 000000000006 ° @ coveccnee O 000000000 °
Ln "'rH»k [nfk [n "'n,—l—k
reall:zation to=1=t, =2 to=1=t,=0C,
of (time) marks
signals s$=73 spa” 5= 8,0y
filters h=3 hpz* h=>" hyTy
Chebyshev polynomials 1
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Time and Space (Cont’d) Chebyshev polynomials

= Time:done M = {> s,2"} A= {3 hpat}

D (8p)nez —+ 2 sp2"™ € M z-transform

s Space: M ={>5,C} A={> Ty}

(] [ [ J [J
C—l C() C] Cz

each a linear combination linearly independent
of C,n20

= Signal model only for right-sided sequences:

b (Sn)nez — Zn>0 5,Cp € M C-transform

Left Signal Extension Chebyshev polynomials

= Infinite spacemodel: M = {3 - 5,Cr}  A={>, . hT%}
D (Sn,)n,EZ — Z?’LEU SnCn S M

° ° ° °
Ca Gy Cs

left signal extension linearly independent
depends on choice of C

= Simplest signal extension: monomial C_,, =aCy

= Monomialifandonlyif C < {T,U,V,W}
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Visualization

m Infinite discrete time (z-transform)

= Infinite discrete space (C-transform,C=T, U, V, W)

o/\o o ° ° @ .oeee T, =T,
o ° ° ° [ ® ..... U_,=-U,_»>
Co ) ° ) ° o ... Vo, =V,_1
-1 Co ° ° ° ° @ -ooeo W_,=-W,_1
left boundary
Organization

m The algebraic structure underlying linear signal processing
= From shift to signal model: Time and space

m From infinite to finite signal models

= Fast algorithms

= Conclusions
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Derivation: Finite Time Model

m Solution: Right boundary condition

€ 2" = a2 4 -+ apx®

pn—=1

plx) = 2™ — an_1x i —apz® =0

M = A = Clz]/p(x)

= Monomial signal extension: p(x) =2" —a, a#0
(a = 1:finite z-transform)

= Visualization: e——eo—re0 ..... o——e

Derivation: Finite Space Model

(:Y() C‘] 02 Crn.f'l
Ce{T,UV,W}

= Monomial signal extension:Foreach C < {T, U V, W}

four cases
C, = Choa
¢, = 0
Cp = Cuoy
C, = —Ch_1

= 16 finite space models <= 16 DCTs/DSTs as Fourier transforms
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16 Finite Space Models

Sn — Sp_2 8n ‘ Sn — 8p—1 , Sn + Sn
s_1= 8 DCT-1 pcrs  DETT pors
2x? — 1)Uya T (z—-1)Who1  (z+ 1)V,
DST-1  DST7 DST-5
U, v, W,
DCT DCT-4
1 Va 2Ty
DST-6  DST- DST-2
Wn 2T 2z + 1)U,

1 f 4
1 T
1
sind i
cos TL‘B v
singf W

= Example: Signal model for DCT, type 2:
M =Clz]/(z — YU, _5 = {31 s:Vi}

[

A =Cla/(z = )y = {52) hiTi}

(e

1
(8:)ozicn = Dorg SiVi

J

= Visualization: L4 L4
i Vi Va Vo y
2
Time {complex): complex finite z-transform Section VI-B
& ] A F =P other JF . R
e . I: - ::]‘;‘ FJIJH'-\. DFT-2,, 1 D Trlgonometrlc
1 DFT-3, DET 4,
. Transforms
Time (real): veal finite z-transform Section VI-G
& M A F=Piau other F
83 1) na RDFT, = RDFT-1,
n o bt Sour, owrs, @ Signal models for all
0 o RDFTR existing (and some newly
1) na RDFT-4, . . .
0 : ua DIT, (DWT:) introduced) trigonometric
transforms (~30)
Space (complex/real): finite C-transform (C = TUN,W) Sections VII-B, IX-B, XIB
@ vt A F =Py other F . L.
s T = Explains all existing
E— trigonometric transforms
T} T
T Kt it = Gives for each transform
St associated “z-transform”,
e o filters, etc.
Va
ST
P ( na RDFT, = RDFT-1,
G " —
(x n.a DHT-2..
3 o P source: “Algebraic Theory of Signal
3 " DT 4 Processing,” Arxiv
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More Exotic 1-D Model

m Generic next neighbor shift

’\J"n
o I
/-W\O/\
..... ) ) @ cooee
[nf'l ln Lﬂ+l

Space variant but shift invariant

m Connects to orthogonal polynomials

Applications?

Top-Down: 1-D Time (Directed) Models
h+s= [s(T)h(t — T)dr

sampling in
frequency

P finite or compact
infinite > o
(periodic)

continuous ...

Y

sampling

¢ \o
dorrer. | 1

24
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Top-Down: 1-D Space (Undirected) Models

hxs= [s(t)5(h(t —7)+ h(t+7))dr

2

sampling in

(xx-symmetric)

2 choices 4 choices

continuous OoO—-e-ee O O

sampling

4 choices 16 choices

discrete CO ° ° @--eee Co —— @ e o — o:)

Finite Signal Models in Two
Dimensions

Visualization Signal Model Fourier Transform
(without b.c.) A=M

R
f—»t—»i—bf—»f C[.}L‘, 1 ]/(35-?2 — 1, yn = 1) DFT“ ® DFTH
l:i:i:l:l time shifts: x, y

\ ||
el Cle,y)/(Tn(®), Tn(y)) ~ DCT, ® DCT,
\ \ space shifts: x, y 16 types

2-D space, separable
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N :
NN\

NN

NN

NN
SO,

NSNS

IO,

time, nonseparable

NN\

INAN N\,

NAXAN

CSERT

N

space, nonseparable

space, nonseparable

Clu, v]/(u™ — 1,u™/2 — y™/2)

DDQT
time shifts: u, v nxn/2

Clu, v, w]/(Tny2(u), Tny2(v),
dw? — (u +/21)(U + 1/)2) DQTnxn/Q

space shifts: u, v, w

(C[$ y]/(cﬂ(m1 y)a EW(LE, y))

DTTxn
space shifts: u, v

Organization

m The algebraic structure underlying linear signal processing

From shift to signal model: Time and space

From infinite to finite signal models

Fast algorithms

Conclusions

28
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Fast Algorithms: Two Schools

Wy = e—Zﬂj/n

DFT

y = DFT,, -5

n—1
b= 3 ultn
ke
£=0 DFT,, = [wn ]ng.«‘f(n

Cooley-Tukey FFT (general radix)

np—1 ng—1
Yosgrtin = 3 (i) (Z 5n.m+k|wh"”) wit ¥ DFT, = L (I,, ®DFT,,)T" (DFT,, ®1,,)

k=0 ka=0

DCT, type lll

Algorithm
derivation

Typical derivation (> 200 such papers)
= Reason for existence?
= Underlying principle?
= All algorithms found?

TG B T

FTT=TIN

G. Bi “Fast Algorithms for the Type-Ill DCT of Composite Sequence Lengths” IEEE Trans. SP 47(7) 1999
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Cooley-Tukey FFT Type Algorithms

assume p decomposes

p(x) = g(r(r)) Clz]/p(x)

Ve decomposition (}'—’ [024] I)B

F Cla]/(r(z) — 1) @ -+ @ Clz]/(r(x) — Bn)

complete decomposition P(EB .7:2)

N

v
Cla]/(z —ay) & - & Cl)/(z — ap)

Example:  z" —1 = (z™)* — 1 yields Cooley-Tukey FFT

DFT, = L" (I, ® DET,,)T7 (DFT,, ®1,,)

1y

Application to DCTs/DSTs

= Decomposition properties of Chebyshev polynomials

Them = Tk(ﬂn)

[J.'cmfl - Umfl N kal(ﬂn)
v'(kfl)/QJ»km - un : -V(kfl)/ﬁ(T2m+l)
W1y /240m = Wi - W1y 2(Toma1)
Tk:m,+'m,/2 = Tm./? ’ Vk (Tm)

Uk'm+'rn/271 = Urn/'Zfl : I’Vk(Tm)
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Induced algorithms
DCTs/DSTs

DCT-3,, = DCT-3,(1/2) DCT-340n (r) = Kiy ( @) DCT-3,u (1)) DCT-3x(r) @ L) BY o
1 o v e e 1051 v 2 “M} {1 Py 40 o4 i e e
ver, —ver,o Journal paper shown: WBEY
vsta, - vers,0. SPecial casek =3 B
DCT-15p4 PP (DCT-144 @ DOT-3,(4))(DSTThey @ 1) ) B
ocick
DST-Ikp = POV (( @D DST-30(4))(DSTTxy @ L) & DST-1—y ) BYSY)
DCT = IN“‘T-Z,, B DOT4n(£))(DST-T4y @ 1) ) B
«

DST-2km = PO (( €D DST-4m(4))(DST-Ta—1 @ Im) @ DST-20n ) B
DCTNmearryz = PV (( 6D iu'l.\”.,w[’w»’r."LT Lama1) & DCT-7001 | BT
DST-Toomstheryya A @ DT3B DSTF iy © lamgs) 0 DST70 ) BT
DCT-mih-1yzz = Phom ( ( g}; DCT-4am+1(3)) (DSTT izy © Tasr) & DCT-5, ) B
DST-Skme ke1)/2 P g;: DSTebm s (1)) (B5Tacs © lams1) & DST-B ) BLSY
DCT Skt (k41)/2 P (DCTSmar i (@ DCT-3amen (B2 Tam+1) ) B
DST-Smih-ryzz = Pl (DST-Sm i ( @ :wr-‘, 1 (252) (DSTucy @ Tama) ) B
DCT 65 (h+1)/2 P2 (DCTSmsn 7- B DOz (HE2) DSTS 321 © Lamet )) B
DST6msh-1yz = Plow (DST6ma( €D erhl»( \+1(242)) (DSTS s @ Bzt | B
<many more> o

= Consolidates the area

= General Cooley-Tukey type algorithms
= General prime-factor type algorithms
= General Rader type algorithms

m Derivation is greatly simplified

Algebraic Theory of Transform Algorithms

m Few general principles account for practically all existing algorithms

= Many (dozens) new algorithms discovered

= Applicable to existing and novel linear transforms
= D(CTs/DSTs, MDCTs, RDFT, DHT, DQT, DTT, ...
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Organization

m The algebraic structure underlying linear signal processing
= From shift to signal model: Time and space

= From infinite to finite signal models

m Fastalgorithms

m Conclusions

35
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Related Work on Algebraic Methods in SP

m Fourier analysis/Fourier transforms on groups G (Beth, Rockmore,
Clausen, Maslen, Healy, Terras, ...)
®* In the algebraic theory the special case A = M = C[G]
= If G non-commutative, necessarily non-shift-invariant
= Algebraic theory provides associated filters etc., ties to SP concepts

m Algebraic methods to derive DFT algorithms (Nicholson, Winograd,
Nussbaumer, Auslander, Feig, Burrus, ...)
= Recognizes algebra/module for DFT, but only used for deriving algorithms

m Origin of this work
= Beth (84), Minkwitz (93), Egner/Plschel (97/98)
= Helpful hints: Steidl (93), Moura/Bruno (98), Strang (99)

m Algebraic systems theory (Kalman, Basile/Marro, Wonham/Morse,
Willems/Mitter, Fuhrmann, Fliess, ...)
= Focuses on infinite discrete time; different type of questions

Algebraic Signal Processing Theory:
Conclusions

m Signal model: One concept instantiating different SP methods

Signal
L . Filter
derivation S|gna| model “z-transform”
Spectrum
(‘A'? M’ (I)) Fourier transform
Frequency response

Shift(s)

= General (axiomatic) approach to linear SP
= Deeperinsightinto SP

= Applications to date:
= New signal models (non-separable 2-D)
= Comprehensive theory of fast algorithms

SMART project: www.ece.cmu.edu/~smart
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Chebyshev Polynomials

m Defining three-term recurrence:
initial: Co =1, Cy=ar+b

C'n+1 = Q-TCH + Cﬂ—l — fLCn = %(Cn+1 + Cn—l)

m Special cases:

m Closed forms: coséd = =

T, = cosnf U, = Snthd) Vi, =

sin @

C n=—1ln=0 n=1 n=2

T x 1 z 2% — 1

U ... 1 20 42 — 1

| | 1 2r—1 42?221

w1 1 2e+1 4a? 422 -1
n20 —

back1
back2
back3

sin(n+3)6)

cos(n+4)6) W, — sin
- n =

;L
cos 50

T
sin 56
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